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Abstract
A consistent set of six integrable discrete and continuous dynamical systems are suggested
corresponding to arbitrary affine Lie algebra. The set contains a system of partial differential
equations which can be treated as a version of generalized Toda lattice while semi-discrete
systems in the set define the Backlund transform for this Toda lattice and the fully discrete
representative of the set can be obtained as a superposition of such kind Backlund transforms.
Four linear Zakharov-Shabat type systems taken pairwise realize Lax pairs for these six
dynamical systems.
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1 Introduction
Lax representation is known to be one of the fundamental attributes of integrability. All the other
properties of integrable equations like symmetries, conserved quantities, exact and asymptotic
solutions can be algorithmically derived from the Lax operators. In the survey [8] a deep connection
between concept of Lax representation and affine Lie algebras was observed. It was shown that
one can assign a generalized two-dimensional Toda lattice to any Kac-Moody type Lie algebra.
Remarkably the related Zakharov-Shabat operators are completely described in algebraic terms.
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Moreover, even the formal quasi-classical approximation of eigenfunctions is constructed in a
purely algebraic way.
The purpose of the present article is to define discrete versions of Zakharov-Shabat eigenvalue
problem related to affine Lie algebras and find the discrete and semi-discrete dynamical systems
associated with these operators.
2 General scheme
Recall the necessary definitions. Let 𝐺 be a Kac-Moody algebra and the elements {𝑒𝑖, 𝑓𝑖, ℎ𝑖}𝑁𝑖=0
constitute a system of the canonical generators:
1. 𝑒𝑖 ̸= 0, 𝑓𝑖 ̸= 0, ℎ𝑖 ̸= 0 for any 𝑖;
2. for any 𝑖, 𝑗 the relations hold
[ℎ𝑖, ℎ𝑗] = 0,
[𝑒𝑖, 𝑓𝑗] = 𝛿𝑖𝑗ℎ𝑖,
[ℎ𝑖, 𝑒𝑗] = 𝑁𝑖𝑗𝑒𝑗,
[ℎ𝑖, 𝑓𝑗] = −𝑁𝑖𝑗𝑓𝑗.
Here 𝑁 = {𝑁𝑖𝑗} is the Cartan matrix of the algebra, and 𝛿𝑖𝑗 is the Kroneker symbol. Below we
use the usual matrix representation of the algebra 𝐺, see [8].
Introduce the following four linear equations:
𝑃𝑛+1,𝑚 = 𝑈𝑛,𝑚𝑃𝑛,𝑚, (2.1)
𝑃𝑛,𝑚+1 = 𝑉𝑛,𝑚𝑃𝑛,𝑚, (2.2)
𝑑
𝑑𝑥
𝑃𝑛,𝑚 = 𝑋𝑛,𝑚𝑃𝑛,𝑚, (2.3)
𝑑
𝑑𝑦
𝑃𝑛,𝑚 = 𝑌𝑛,𝑚𝑃𝑛,𝑚, (2.4)
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where the potentials are of the form
𝑈𝑛,𝑚 = −Λ + 𝑒𝐹𝑛+1,𝑚−𝐹𝑛,𝑚 , (2.5)
𝑉𝑛,𝑚 = 𝐸 + 𝑒
𝐹𝑛,𝑚+1Λ¯𝑒−𝐹𝑛,𝑚 , (2.6)
𝑋𝑛,𝑚 = −𝑒𝐹𝑛,𝑚Λ¯𝑒−𝐹𝑛,𝑚 , (2.7)
𝑌𝑛,𝑚 = −Λ + 𝑑
𝑑𝑦
𝐹𝑛,𝑚. (2.8)
Operators (2.7)-(2.8) are similar to those studied in [8] and operators (2.5)-(2.6) generalize dif-
ference operators introduced in the case one independent variable [12]. Explain the notations in
(2.5-2.8). Here 𝐸 is the identity matrix, Λ =
∑︀𝑁
𝑖=0 𝑒𝑖 and Λ¯ =
∑︀𝑁
𝑖=0 𝑓𝑖. In order to describe the
functional parameter 𝐹 = 𝐹𝑛,𝑚 introduce the linear space 𝑉𝑑 of all diagonal matrices of the corre-
sponding order. Then set 𝑉0 = Λ𝑉𝑑Λ¯. It can be proved that 𝑉0 is a commutative ring satisfying
the condition Λ𝑉0Λ¯ ⊂ 𝑉0 as well as the condition Λ¯𝑉0Λ ⊂ 𝑉0. We suppose that 𝐹 = 𝐹𝑛,𝑚 is
an arbitrary element of the space 𝑉0. Compatibility conditions of the equations (2.1-2.4) taken
pairwise generate six nonlinear equations:
𝑒𝐹𝑛+1,𝑚+1−𝐹𝑛,𝑚+1 − 𝑒𝐹𝑛+1,𝑚−𝐹𝑛,𝑚 = Λ𝑒𝐹𝑛,𝑚+1Λ¯𝑒−𝐹𝑛,𝑚 − 𝑒𝐹𝑛+1,𝑚+1Λ¯𝑒−𝐹𝑛+1,𝑚Λ, (2.9)
𝐹𝑛,𝑚,𝑥,𝑦 = 𝑒
𝐹𝑛,𝑚Λ¯𝑒−𝐹𝑛,𝑚Λ− Λ𝑒𝐹𝑛,𝑚Λ¯𝑒−𝐹𝑛,𝑚 , (2.10)
(𝐹𝑛+1,𝑚,𝑥 − 𝐹𝑛,𝑚,𝑥)𝑒𝐹𝑛+1,𝑚−𝐹𝑛,𝑚 = 𝑒𝐹𝑛+1,𝑚Λ¯𝑒−𝐹𝑛+1,𝑚Λ− Λ𝑒𝐹𝑛,𝑚Λ¯𝑒−𝐹𝑛,𝑚 , (2.11)
𝐹𝑛,𝑚+1,𝑦 − 𝐹𝑛,𝑚,𝑦 = Λ𝑒𝐹𝑛,𝑚+1Λ¯𝑒−𝐹𝑛,𝑚 − 𝑒𝐹𝑛,𝑚+1Λ¯𝑒−𝐹𝑛,𝑚Λ, (2.12)
(𝐹𝑛,𝑚+1,𝑥 − 𝑒𝐹𝑛,𝑚−𝐹𝑛,𝑚+1)Λ¯ = Λ¯(𝐹𝑛,𝑚,𝑥 − 𝑒𝐹𝑛,𝑚−𝐹𝑛,𝑚+1), (2.13)
(𝐹𝑛+1,𝑚,𝑦 − 𝑒𝐹𝑛,𝑚−𝐹𝑛+1,𝑚)Λ = Λ(𝐹𝑛,𝑚,𝑦 − 𝑒𝐹𝑛,𝑚−𝐹𝑛+1,𝑚). (2.14)
Here 𝐹𝑛,𝑚,𝑥 :=
𝜕
𝜕𝑥
𝐹𝑛,𝑚, 𝐹𝑛,𝑚,𝑦 :=
𝜕
𝜕𝑦
𝐹𝑛,𝑚 and 𝐹𝑛,𝑚,𝑥,𝑦 :=
𝜕2
𝜕𝑥𝜕𝑦
𝐹𝑛,𝑚. It can be proved that all the
equations (2.9)-(2.14) are self consistent, they really define dynamical systems: first one is fully
discrete, the second is fully continuous and the others are semi-discrete. The following statement
is a straightforward consequence of the construction method of equations (2.9)-(2.14):
Theorem. Operators 𝐷𝑛, 𝐷𝑚, 𝐷𝑥, 𝐷𝑦 mutually commute on the set of the dynamical variables
𝐹𝑛,𝑚, 𝐹𝑛,𝑚,𝑥, 𝐹𝑛,𝑚,𝑦. Where 𝐷𝑥 and 𝐷𝑦 are operators of total differentiation with respect to 𝑥 and
𝑦, operators 𝐷𝑛, 𝐷𝑚 act due to the rule 𝐷𝑛𝐹𝑛,𝑚 = 𝐹𝑛+1,𝑚, 𝐷𝑚𝐹𝑛,𝑚 = 𝐹𝑛,𝑚+1.
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Corollary of Theorem. Pair of semi-discrete equations (2.11), (2.14) as well as pair of
equations (2.12), (2.13) define a sequence of the Backlund transformations for equation (2.10).
Equation (2.9) follows from the superposition principle for these Backlund transforms.
Equation (2.10) admits a reduction, defined by the formula 𝐹 =
∑︀𝑁
𝑖=0 𝑢𝑖ℎ𝑖 which leads to the
usual generalized Toda lattice, corresponding algebra 𝐺 (see, [8]). Unfortunately as a rule this
reduction is not compatible with the other equations from the list (2.9)-(2.14). This is one of
the reasons why the discretization problem for the Drinfel’d-Sokolov formalism is still unsolved.
Thus we come up to an important problem of describing reductions of equation (2.10) compatible
simultaneously with all of the equations (2.9)-(2.14).
3 Examples of consistent sets of the dynamical systems
In this section we give examples of the set of dynamical systems corresponding the algebras 𝐴
(1)
1 ,
𝐷
(2)
3 , 𝐵
(1)
2 .
3.1 Dynamical systems corresponding 𝐴
(1)
1
For 𝐴
(1)
1 the matrices Λ and Λ¯ look as follows:
Λ = 𝜆
⎛⎝ 0 1
1 0
⎞⎠ , Λ¯ = 1
𝜆
⎛⎝ 0 1
1 0
⎞⎠ , (3.1)
where 𝜆 is interpreted as a spectral parameter, 𝐹𝑛,𝑚 is a diagonal matrix:
𝐹𝑛,𝑚 =
⎛⎝ 𝑢1𝑛,𝑚 0
0 𝑢2𝑛,𝑚
⎞⎠ . (3.2)
Equations (2.9)-(2.14) take the form:
𝑒𝑢
1
𝑛+1,𝑚+1−𝑢1𝑛+1,𝑚−𝑢1𝑛,𝑚+1+𝑢1𝑛,𝑚 =
1 + 𝑒𝑢
2
𝑛,𝑚+1−𝑢1𝑛+1,𝑚
1 + 𝑒𝑢
1
𝑛,𝑚+1−𝑢2𝑛+1,𝑚
,
𝑒𝑢
2
𝑛+1,𝑚+1−𝑢2𝑛+1,𝑚−𝑢2𝑛,𝑚+1+𝑢2𝑛,𝑚 =
1 + 𝑒𝑢
1
𝑛,𝑚+1−𝑢2𝑛+1,𝑚
1 + 𝑒𝑢
2
𝑛,𝑚+1−𝑢1𝑛+1,𝑚
(3.3)
𝑢1𝑛,𝑚,𝑥,𝑦 = 𝑒
𝑢1𝑛,𝑚−𝑢2𝑛,𝑚 − 𝑒𝑢2𝑛,𝑚−𝑢1𝑛,𝑚 ,
𝑢1𝑛,𝑚,𝑥,𝑦 = 𝑒
𝑢2𝑛,𝑚−𝑢1𝑛,𝑚 − 𝑒𝑢1𝑛,𝑚−𝑢2𝑛,𝑚
(3.4)
4
𝑢1𝑛+1,𝑚,𝑥 − 𝑢1𝑛,𝑚,𝑥 = 𝑒𝑢
1
𝑛,𝑚−𝑢2𝑛+1,𝑚 − 𝑒𝑢2𝑛,𝑚−𝑢1𝑛+1,𝑚 ,
𝑢2𝑛+1,𝑚,𝑥 − 𝑢2𝑛,𝑚,𝑥 = 𝑒𝑢
2
𝑛,𝑚−𝑢1𝑛+1,𝑚 − 𝑒𝑢1𝑛,𝑚−𝑢2𝑛+1,𝑚
(3.5)
𝑢1𝑛,𝑚+1,𝑦 − 𝑢1𝑛,𝑚,𝑦 = 𝑒𝑢
2
𝑛,𝑚+1−𝑢1𝑛,𝑚 − 𝑒𝑢1𝑛,𝑚+1−𝑢2𝑛,𝑚 ,
𝑢2𝑛,𝑚+1,𝑦 − 𝑢2𝑛,𝑚,𝑦 = 𝑒𝑢
1
𝑛,𝑚+1−𝑢2𝑛,𝑚 − 𝑒𝑢2𝑛,𝑚+1−𝑢1𝑛,𝑚
(3.6)
𝑢1𝑛,𝑚+1,𝑥 − 𝑢2𝑛,𝑚,𝑥 = 𝑒𝑢
1
𝑛,𝑚−𝑢1𝑛,𝑚+1 − 𝑒𝑢2𝑛,𝑚−𝑢2𝑛,𝑚+1 ,
𝑢2𝑛,𝑚+1,𝑥 − 𝑢1𝑛,𝑚,𝑥 = 𝑒𝑢
2
𝑛,𝑚−𝑢2𝑛,𝑚+1 − 𝑒𝑢1𝑛,𝑚−𝑢1𝑛,𝑚+1
(3.7)
𝑢1𝑛+1,𝑚,𝑦 − 𝑢2𝑛,𝑚,𝑦 = 𝑒𝑢
1
𝑛+1,𝑚−𝑢1𝑛,𝑚 − 𝑒𝑢2𝑛+1,𝑚−𝑢2𝑛,𝑚 ,
𝑢2𝑛+1,𝑚,𝑦 − 𝑢1𝑛,𝑚,𝑦 = 𝑒𝑢
2
𝑛+1,𝑚−𝑢2𝑛,𝑚 − 𝑒𝑢1𝑛+1,𝑚−𝑢1𝑛,𝑚
(3.8)
All of the equations (3.3)-(3.8) are compatible with the additional constraint 𝑢1𝑛,𝑚+𝑢
2
𝑛,𝑚 = 𝛼𝑛+𝛽𝑚
which reduces the set of equations to a set of equations with the only unknown 𝑢1𝑛,𝑚. Here 𝛼 and
𝛽 are constant parameters.
3.2 Dynamical systems corresponding 𝐷
(2)
3
In this case the matrices Λ and Λ¯ look as follows:
Λ = 𝜆
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1
0 0 1 0 0 0
0 0 0 0 1 0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, Λ¯ =
1
𝜆
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 1 0 0 0 0
0 0 2 0 0 0
0 0 0 0 2 0
2 0 0 0 0 0
0 0 0 0 0 1
0 0 0 2 0 0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (3.9)
where 𝜆 is the spectral parameter, 𝐹𝑛,𝑚 is at the very beginning a diagonal matrix with six
functional parameters 𝐹𝑛,𝑚 = 𝑑𝑖𝑎𝑔(𝑢
1
𝑛,𝑚, 𝑢
2
𝑛,𝑚, 𝑢
3
𝑛,𝑚, 𝑢
4
𝑛,𝑚, 𝑢
5
𝑛,𝑚, 𝑢
6
𝑛,𝑚). Then one can reduce the
5
system of the form (2.9)-(2.14) obtained to a set of three-field systems with:
𝐹𝑛,𝑚 =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
𝑢1𝑛,𝑚 0 0 0 0 0
0 𝑢2𝑛,𝑚 0 0 0 0
0 0 𝑢3𝑛,𝑚 0 0 0
0 0 0 𝑢3𝑛,𝑚 0 0
0 0 0 0 𝑢1𝑛,𝑚 0
0 0 0 0 0 𝑢2𝑛,𝑚
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (3.10)
Thus the set of reduced equations (2.9)-(2.14) can be written in the following form:
e𝑢
1
𝑛+1,𝑚−𝑢1𝑛,𝑚 − e𝑢1𝑛+1,𝑚+1−𝑢2𝑛+1,𝑚 − e𝑢1𝑛+1,𝑚+1−𝑢1𝑛,𝑚+1 + 2 e𝑢3𝑛,𝑚+1−𝑢1𝑛,𝑚 = 0
e𝑢
2
𝑛+1,𝑚−𝑢2𝑛,𝑚 − 2 e𝑢2𝑛+1,𝑚+1−𝑢3𝑛+1,𝑚 + e𝑢1𝑛,𝑚+1−𝑢2𝑛,𝑚 − e𝑢2𝑛+1,𝑚+1−𝑢2𝑛,𝑚+1 = 0
e𝑢
3
𝑛+1,𝑚−𝑢3𝑛,𝑚 − 2 e𝑢3𝑛+1,𝑚+1−𝑢1𝑛+1,𝑚 + 2 e𝑢2𝑛,𝑚+1−𝑢3𝑛,𝑚 − e𝑢3𝑛+1,𝑚+1−𝑢3𝑛,𝑚+1 = 0
(3.11)
𝑢1𝑛,𝑚,𝑥,𝑦 = e
𝑢1𝑛,𝑚−𝑢2𝑛,𝑚 − 2e−𝑢1𝑛,𝑚+𝑢3𝑛,𝑚 ,
𝑢2𝑛,𝑚,𝑥,𝑦 = 2e
−𝑢3𝑛,𝑚+𝑢2𝑛,𝑚 − e𝑢1𝑛,𝑚−𝑢2𝑛,𝑚 ,
𝑢3𝑛,𝑚,𝑥,𝑦 = 2e
−𝑢1𝑛,𝑚+𝑢3𝑛,𝑚 − 2e−𝑢3𝑛,𝑚+𝑢2𝑛,𝑚
(3.12)
𝑢1𝑛+1,𝑚,𝑥 − 𝑢1𝑛,𝑚,𝑥 = −2e−𝑢
1
𝑛+1,𝑚+𝑢
3
𝑛,𝑚 + e𝑢
1
𝑛,𝑚−𝑢2𝑛+1,𝑚 ,
𝑢2𝑛+1,𝑚,𝑥 − 𝑢2𝑛,𝑚,𝑥 = −e𝑢
1
𝑛,𝑚−𝑢2𝑛+1,𝑚 + 2e𝑢
2
𝑛,𝑚−𝑢3,𝑛+1,𝑚 ,
𝑢3𝑛+1,𝑚,𝑥 − 𝑢3𝑛,𝑚,𝑥 = −2e𝑢
2
𝑛,𝑚−𝑢3𝑛+1,𝑚 + 2e−𝑢
1
𝑛+1,𝑚+𝑢
3
𝑛,𝑚
(3.13)
𝑢1𝑛,𝑚+1,𝑦 − 𝑢1𝑛,𝑚,𝑦 = e𝑢
1
𝑛,𝑚+1−𝑢2𝑛,𝑚 + 2e𝑢
3
𝑛,𝑚+1−𝑢1𝑛,𝑚 ,
𝑢2𝑛,𝑚+1,𝑦 − 𝑢2𝑛,𝑚,𝑦 = −2e𝑢
2
𝑛,𝑚+1−𝑢3𝑛,𝑚 + e𝑢
1
𝑛,𝑚+1−𝑢2𝑛,𝑚 ,
𝑢3𝑛,𝑚+1,𝑦 − 𝑢3𝑛,𝑚,𝑦 = −2e𝑢
3
𝑛,𝑚+1−𝑢1𝑛,𝑚 + 2e𝑢
2
𝑛,𝑚+1−𝑢3,𝑛,𝑚
(3.14)
𝑢1𝑛,𝑚+1,𝑥 − 𝑢2𝑛,𝑚,𝑥 = e−𝑢
1
𝑛,𝑚+1+𝑢
1
𝑛,𝑚 − e𝑢2𝑛,𝑚−𝑢2𝑛,𝑚+1 ,
𝑢2𝑛,𝑚+1,𝑥 − 𝑢3𝑛,𝑚,𝑥 = e𝑢
2
𝑛,𝑚−𝑢2,𝑛,𝑚+1 − e𝑢3𝑛,𝑚−𝑢3𝑛,𝑚+1 ,
𝑢3𝑛,𝑚+1,𝑥 − 𝑢1𝑛,𝑚,𝑥 = e𝑢
3
𝑛,𝑚−𝑢3𝑛,𝑚+1𝑥,𝑦 − e−𝑢1𝑛,𝑚+1+𝑢1𝑛,𝑚
(3.15)
𝑢1𝑛+1,𝑚,𝑦 − 𝑢3𝑛,𝑚,𝑦 = e𝑢
1
𝑛+1,𝑚𝑥,𝑦−𝑢1𝑛,𝑚 − e𝑢3𝑛+1,𝑚−𝑢3𝑛,𝑚 ,
𝑢2𝑛+1,𝑚,𝑦 − 𝑢1𝑛,𝑚,𝑦 = e𝑢
2
𝑛+1,𝑚−𝑢2𝑛,𝑚 − e𝑢1𝑛+1,𝑚−𝑢1𝑛,𝑚 ,
𝑢3𝑛+1,𝑚,𝑦 − 𝑢2𝑛,𝑚,𝑦 = e𝑢
3
𝑛+1,𝑚−𝑢3𝑛,𝑚 − e𝑢2𝑛+1,𝑚−𝑢2𝑛,𝑚
(3.16)
6
It is remarkable that the system admits one more reduction. It is given by the constraint 𝑢1𝑛,𝑚 +
𝑢2𝑛,𝑚 + 𝑢
3
𝑛,𝑚 = 𝛼𝑛 + 𝛽𝑚, where 𝛼 and 𝛽 are constants.
3.3 Dynamical systems corresponding 𝐵
(1)
2
For 𝐵
(1)
2 the matrices Λ and Λ¯ look as follows:
Λ = 𝜆
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 0 1/2 0
1 0 0 0 1/2
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, Λ¯ =
1
𝜆
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 1 0 0 0
0 0 2 0 0
0 0 0 2 0
2 0 0 0 1
0 2 0 0 0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (3.17)
Here the functional parameter is given by a non-diagonal matrix 𝐹𝑛,𝑚:
𝐹𝑛,𝑚 =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
𝑢1𝑛,𝑚/2 0 0 0 𝑢
1
𝑛,𝑚/4
0 𝑢2𝑛,𝑚 0 0 0
0 0 𝑢3𝑛,𝑚 0 0
0 0 0 𝑢4𝑛,𝑚 0
𝑢1𝑛,𝑚 0 0 0 𝑢
1
𝑛,𝑚/2
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (3.18)
The matter is that the Dynkin diagram for 𝐵
(1)
𝑁 contains a vertex which is connected with three
other vertices. That is why in this case space 𝑉0 contains non-diagonal matrices and therefore 𝐹
is not diagonal. Me choose the eigenvalues of 𝐹 as field variables. Such a parametrization of 𝐹 is
more convenient. Equations (2.9)-(2.14) take the form:
−2e𝑢1𝑛,𝑚+1−𝑢2𝑛,𝑚 + e𝑢2𝑛+1,𝑚+1−𝑢2𝑛,𝑚+1 − e𝑢2𝑛+1,𝑚−𝑢2𝑛,𝑚 + 2e𝑢2𝑛+1,𝑚+1−𝑢3𝑛+1,𝑚 = 0,
e𝑢
1
𝑛+1,𝑚+1−𝑢1𝑛,𝑚+1 − 2e𝑢4𝑛,𝑚+1−𝑢1𝑛,𝑚 + 2e𝑢1𝑛+1,𝑚+1−𝑢2𝑛+1,𝑚 − e𝑢1𝑛+1,𝑚−𝑢1𝑛,𝑚 = 0,
−2e𝑢2𝑛,𝑚+1−𝑢3𝑛,𝑚 + e𝑢3𝑛+1,𝑚+1−𝑢3𝑛,𝑚+1 − e𝑢3𝑛+1,𝑚−𝑢3𝑛,𝑚 + 2e𝑢3𝑛+1,𝑚+1−𝑢4𝑛+1,𝑚 = 0,
−2e𝑢3𝑛,𝑚+1−𝑢4𝑛,𝑚 + e𝑢4𝑛+1,𝑚+1−𝑢4𝑛,𝑚+1 + 2e𝑢4𝑛+1,𝑚+1−𝑢1𝑛+1,𝑚 − e𝑢4𝑛+1,𝑚−𝑢4𝑛,𝑚 = 0
(3.19)
7
𝑢1𝑛,𝑚,𝑥,𝑦 = 2e
𝑢1𝑛,𝑚−𝑢2𝑛,𝑚 − 2e−𝑢1𝑛,𝑚+𝑢4𝑛,𝑚 ,
𝑢2𝑛,𝑚,𝑥,𝑦 = 2e
−𝑢3𝑛,𝑚+𝑢2𝑛,𝑚 − 2e𝑢1𝑛,𝑚−𝑢2𝑛,𝑚 ,
𝑢3𝑛,𝑚,𝑥,𝑦 = 2e
𝑢3𝑛,𝑚−𝑢4𝑛,𝑚 − 2e−𝑢3𝑛,𝑚+𝑢2𝑛,𝑚 ,
𝑢4𝑛,𝑚,𝑥,𝑦 = 2e
−𝑢1𝑛,𝑚+𝑢4𝑛,𝑚 − 2e𝑢3𝑛,𝑚−𝑢4𝑛,𝑚
(3.20)
𝑢1𝑛+1,𝑚,𝑥 − 𝑢1𝑛,𝑚,𝑥 = −2e𝑢
4
𝑛,𝑚−𝑢1𝑛+1,𝑚 + 2e𝑢
1
𝑛,𝑚−𝑢2𝑛+1,𝑚 ,
𝑢2𝑛+1,𝑚,𝑥 − 𝑢2𝑛,𝑚,𝑥 = −2e𝑢
1
𝑛,𝑚−𝑢2𝑛+1,𝑚 + 2e𝑢
2
𝑛,𝑚−𝑢3𝑛+1,𝑚 ,
𝑢3𝑛+1,𝑚,𝑥 − 𝑢3𝑛,𝑚,𝑥 = −2e𝑢
2
𝑛,𝑚−𝑢3𝑛+1,𝑚 + 2e𝑢
3
𝑛,𝑚−𝑢4𝑛+1,𝑚 ,
𝑢4𝑛+1,𝑚,𝑥 − 𝑢4𝑛,𝑚,𝑥 = −2e𝑢
3
𝑛,𝑚−𝑢4𝑛+1,𝑚 + 2e𝑢
4
𝑛,𝑚−𝑢1𝑛+1,𝑚
(3.21)
𝑢1𝑛,𝑚+1,𝑦 − 𝑢1𝑛,𝑚,𝑦 = −2e𝑢
1
𝑛,𝑚+1−𝑢2𝑛,𝑚 + 2e𝑢
4
𝑛,𝑚+1−𝑢1𝑛,𝑚 ,
𝑢2𝑛,𝑚+1,𝑦 − 𝑢2𝑛,𝑚,𝑦 = −2e𝑢
2
𝑛,𝑚+1−𝑢3𝑛,𝑚 + 2e𝑢
1
𝑛,𝑚+1−𝑢2𝑛,𝑚 ,
𝑢3𝑛,𝑚+1,𝑦 − 𝑢3𝑛,𝑚,𝑦 = −2e𝑢
3
𝑛,𝑚+1−𝑢4𝑛,𝑚 + 2e𝑢
2
𝑛,𝑚+1−𝑢3𝑛,𝑚 ,
𝑢4𝑛,𝑚+1,𝑦 − 𝑢4𝑛,𝑚,𝑦 = −2e𝑢
4
𝑛,𝑚+1−𝑢1𝑛,𝑚 + 2e𝑢
3
𝑛,𝑚+1−𝑢4𝑛,𝑚
(3.22)
𝑢1𝑛,𝑚+1,𝑥 − 𝑢2𝑛,𝑚,𝑥 = e𝑢
1
𝑛,𝑚−𝑢1𝑛,𝑚+1 − e𝑢2𝑛,𝑚−𝑢2𝑛,𝑚+1 ,
𝑢2𝑛,𝑚+1,𝑥 − 𝑢3𝑛,𝑚,𝑥 = e𝑢
2
𝑛,𝑚−𝑢2𝑛,𝑚+1 − e𝑢3𝑛,𝑚−𝑢3𝑛,𝑚+1 ,
𝑢3𝑛,𝑚+1,𝑥 − 𝑢4𝑛,𝑚,𝑥 = e𝑢
3
𝑛,𝑚−𝑢3𝑛,𝑚+1 − e𝑢4𝑛,𝑚−𝑢4𝑛,𝑚+1 ,
𝑢4𝑛,𝑚+1,𝑥 − 𝑢1𝑛,𝑚,𝑥 = e𝑢
4
𝑛,𝑚−𝑢4𝑛,𝑚+1 − e𝑢1𝑛,𝑚−𝑢1𝑛,𝑚+1
(3.23)
𝑢1𝑛+1,𝑚,𝑦 − 𝑢4𝑛,𝑚,𝑦 = e𝑢
1
𝑛+1,𝑚−𝑢1𝑛,𝑚 − e𝑢4𝑛+1,𝑚−𝑢4𝑛,𝑚 ,
𝑢2𝑛+1,𝑚,𝑦 − 𝑢1𝑛,𝑚,𝑦 = e𝑢
2
𝑛+1,𝑚−𝑢2𝑛,𝑚 − e𝑢1𝑛+1,𝑚−𝑢1𝑛,𝑚 ,
𝑢3𝑛+1,𝑚,𝑦 − 𝑢2𝑛,𝑚,𝑦 = e𝑢
3
𝑛+1,𝑚−𝑢3𝑛,𝑚 − e𝑢2𝑛+1,𝑚−𝑢2𝑛,𝑚 ,
𝑢4𝑛+1,𝑚,𝑦 − 𝑢3𝑛,𝑚,𝑦 = e𝑢
4
𝑛+1,𝑚−𝑢4𝑛,𝑚 − e𝑢3𝑛+1,𝑚−𝑢3𝑛,𝑚
(3.24)
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